In conventional synthetic aperture radar (SAR) processing algorithms, it is generally assumed that the platform performs a uniform linear motion. However, if there is a three-dimensional acceleration during the flight, the motion trajectory will greatly increase the image processing complexity, especially in highly squinted scenarios. This paper proposes a high-precision imaging algorithm for highly squinted SAR with 3D acceleration. Firstly, the range history is extended by the Taylor series, and then a two-dimensional non-uniform fast Fourier transform (2D-NUFFT) is presented to focus the SAR image in range velocity domain. Moreover, as terrain matching is required in practice, the range-velocity image is further transformed into range-azimuth domain. The effectiveness of the proposed algorithm for highly squinted SAR imaging is verified with both simulation data for multi-point targets and experimental data for surface targets.
I. INTRODUCTION
Although synthetic aperture radar (SAR) has received much recognition in recent year, high-precision imaging algorithm for highly squinted SAR with 3D acceleration still has not been well handled in the literature. Although the range-azimuth coupling highly squinted SAR can be handled by the range cell migration correction (RCMC) [1] , [2] algorithm, the inherent range-dependent squinted angle and acceleration will make the range cell migration (RCM) to vary along with the flight track. This spatial variation will lead to serious phase errors and consequently, the imaging performance will be seriously degraded if no additional compensations are applied.
Imaging algorithm for highly squinted SAR has been discussed in several papers [3] - [5] . The polar coordinate format algorithm (PFA) compensates the highly squinted SAR data to the line of sight (LOS) direction, so that the range offset for any oblique view can be easily compensated [3] , but it approximates the actual spherical wavefront as a planar.
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A digital concentrating preprocessing method based on the 2-step PFA method was proposed in [4] and an improved range-Doppler algorithm (RDA) was proposed in [6] to deal with the problems caused by highly squinted angle and large velocity but without considering acceleration. A 3D motion compensation (MOCO) algorithm was proposed in [7] , but it can't compensate the errors well with highly squinted angle. By the employment of motion compensation [7] , a modified nonlinear chirp scaling (MNLCS) was adopted in [5] to handle the 3D acceleration problems, while it has a limited scope of application. Lu et al. [8] proposed a multi-antenna approach for the forward-looking high-resolution SAR imaging under the curve trajectory. Liu et al. [9] analyzed the error of the nonlinear trajectory.
Although the omega-K algorithm [10] is the widely preferred method for accelerated SAR [11] - [13] , there are some difficulties in applying the omega-K algorithm without modification for the highly squinted SAR with 3D acceleration. One is how to get an accurate analytical spectrum. In the presence of acceleration, the samples in the azimuth wavenumber domain will be nonuniform and classic Fourier transform (FT) cannot be applied. Tang et al. [14] , [ has put forward an omega-K algorithm for highly squinted SAR with constant acceleration. Nevertheless, the assumed acceleration is relatively small and only two-dimensional acceleration is considered. Another problem is the process of linearizing the frequency in the two-dimensional spectrum must be multiplied by a reference function which cannot be easily obtained.
In the case of the highly squinted angle in [16] - [19] , the original range formula is modified based on the RCM algorithm, and some new algorithms are proposed. However, the imaging accuracy is not high, or the acceleration is not considered, or the computational complexity is high. Therefore, [20] proposed a range perturbation approach (RPA) for highly squinted SAR with nonlinear trajectory on the basis of the above papers. [21] - [23] has put forward algorithm of nonuniform fast Fourier transforms (NUFFT's) for SAR, but they don't consider the complex case of track of the platform flight.
In this paper, we propose a high-precision imaging algorithm for highly squinted SAR with 3D acceleration. We formulate the range history through Taylor series expansion to avoid the use of series reversion [24] and derive a new two-dimensional (2D) spectra model for the SAR data that can be easily focused by NUFFT, followed by the slant range to ground range conversion [25] .
This paper is extended version of [26] . The remaining sections of this paper are organized as follows: The signal model for the highly squinted SAR with 3D acceleration is presented in Section II, followed by the proposed 2D spectra model in Section III. Next, the 2D-NUFFT-based imaging algorithm and the slant range to ground range conversion are derived in Section IV. Finally, image formulation processing results and conclusion are provided in Sections V and VI, respectively. Figure. 1 illustrates the imaging geometry for the highly squinted SAR with 3D acceleration. the location vector of the radar platform moves with a general velocity V and a highly acceleration vector A. The origin O is the projection of the antenna phase center and θ is the squint angle. The platform location vector P (u) can be expressed as
II. SIGNAL MODEL FOR HIGHLY SQUINTED SAR
where P 0 is the initial SAR platform location vector. u is the azimuth slow time. The instantaneous range between radar platform and the point target D is then represented by where s is the vector from origin O to the target D, whose
(2) can be further rewritten as
It can be expanded into series with respect to the azimuth time:
where k n (s) is represented by
For the first five terms, we can get
where · is the inner product operator and · 2 2 is the 2-norm operator.
For a point target, the received baseband signal can be expressed as
where K is the frequency modulation rate. t stands for the fast time in range domain. g(t) represents the baseband waveform. σ (s) is the target reflection coefficient. f c is the carrier frequency and c is the speed of light. According to the stationary phase (SP) principle, the Fourier transform of (12) will yield
where, f t is the frequency in range domain, G f t K is the spectrum of the transmitted signal. Without loss of generality, we are assuming that
with B being the transmitted signal bandwidth.
III. 2D SPECTRA MODEL FOR HIGHLY SQUINTED SAR WITH 3D ACCELERATION A. 2D SPECTRA MODEL
No accelerations are considered in above analysis. However, for the highly squinted SAR with 3D acceleration, more accurate spectra is needed. More seriously, the 3D acceleration makes the azimuth sampling signal being non-uniform and consequently, classic fast Fourier transform (FFT) cannot be directly applied. Moreover, the spatial variance problem should be well handled. To resolve these problems, we develop an approximated range history model, so that the 2D-NUFFT algorithm [27] - [30] can be adopted for subsequent processing. For the target #C located at the scene center, its range history can be expressed as
where ε is the vector from origin O to the central reference
The echo signal of center reference point after FFT at range dimension can be expressed as
Multiplying by the reference function yields
According to (11) and (14), we can get the range expression for the center of the scene. Accordingly, the range histories for target #D and target #C can be obtained. In doing so, we can get (17) According to the multivariate Taylor formula, k n (s) can be expressed as
where α n and β n can be solved as follows
That is
Therefore, Eq.(18) can be further approximated as
Eq.(16) can be rewritten as Defining
we can rewrite (24) as
B. MODEL ERROR ANALYSIS
From (18) and (23), we can get the approximation error:
It can be reformulated as
where the quadratic phase error is
which should be less than π/4 for high-precision imaging. Figure 2(a) is the quadratic phase error, which shows that the maximum phase error is 0.19 radians which is much smaller than the required value when the scene size is 2000m×2000m. It is indicated that the approximation error is ignorable now for SAR imaging in this case.
IV. 2D-NUFFT-BASED IMAGING ALGORITHM A. 2D-NUFFT ALGORITHM
After the range history approximation, we develop a 2D-NUFFT-based imaging algorithm for the highly squinted SAR with 3D acceleration, which processing flow is illustrated in Figure 2(b) . Applying 2D-NUFFT to (27) yields
Assuming f t and u are the sampled frequency intervals in the range and azimuth dimensions, respectively. While k 0 and k 1 are the sampled intervals for the slant range and flight speeds, respectively. According to the binary integral criteria, (31) can be modified to
where k 0 , k 1 ∈ [0, 1],
and B m,n is
M and N denote the sampling number in the range and azimuth dimensions, respectively, f t and h 0 , u and h 1 denote the sampling interval of original and new range frequency and azimuth time, while h 0c and h 1c are the midpoint of the irregular range frequency and azimuth time in the new transform domain.
Analogous to [26] - [30] , we approximate the complex exponential terms of (27) by linear interpolation. In doing so, we then have
where c q and d p are the interpolation coefficient with interpolation kernel length 2Q + 1. G stands for the interpolation factor. a r and b v are defined as the accuracy factor which are expressed as
Rewriting (36) in a vector as
where A (γ ) = A(γ ) i,j . Thus, we can get,
where A H (γ ) is the complex conjugate transpose. In order to facilitate the subsequent derivations, we define
where
c q can then be calculated from Eq.(38) to Eq.(48). In the same manner, we can get d p . Substituting c q (γ ) and d p (η) into (32), we can get
From the above derivation, the process of the 2D NUFFT algorithm is as follows:
1) Calculate the interpolation coefficients c q (γ ) and d p (η). which can be implemented by a two-dimensional interpolation as follows 1) Take uniform pixels (x l , y l ) in the X-Y plane, where l = 1, 2, . . . , L. 2) r [x l , y l , 0] T and v [x l , y l , 0] T are calculated by (6), (7) and (24) . ρ a = λR c 2vT s cos 2 θ s (54) where B is the pulse bandwidth, λ represents the transmit signal wavelength. θ s is the oblique viewing angle, R c stands for the vertical range from the SAR platform to the target which located at scene center. the synthetic aperture time is T s . v stands for the platform speed. According to the relationship of Doppler resolution f d = 2 v λ and the ideal velocity resolution v = λ 2T s , we can get the ideal azimuth resolution through ρ a = v R c vcos 2 θ s . Using the parameters listed in Table 1 , we can get the ρ r = 0.6645m, ρ a = 1.5648m. So the resolution at the range and azimuth domain can also evaluate the performance of focusing imaging results.
We simulate 49-point targets in the imaging scene, as shown in Figure 3 (a). Figure 3(b) is the imaging results of the 49 point targets. We randomly select six point-targets #A, #B, #C, #D, #E, #F, which can be correspond to the Figure 3 (a) and give their enlarged focusing results to show imaging results more clearly. It must be noted that the target #C is the reference point. The two-dimensional side lobes are very clear and no coupling phenomenon from the Figure 3(b) . Figure 3(c) is the imaging targets after the SRGR conversion, which is focusing image in range-azimuth domain. We analyze the range and azimuth dimension profiles for the three point targets #A, #C and #E, as shown in Figure 4 and Figure 5 , respectively. Those results indicates us that the side lobes are lower and the focusing effect is excellent.
B. COMPARISON WITH OTHER ALGORITHMS
We utilize the CA-Omega-K algorithm [14] to compare with the proposed algorithm. In this section, the specific parameters of number simulation set as Table 1 .
Three common image indicators (resolution, peak sidelobe ratio(PSLR) and integration sidelobe ratio (ISLR)) are selected to evaluate imaging performance, as shown in Table 2 . They are including range and azimuth domain. Then, three point targets (#A, #C and #E) are selected. The results of imaging performance are shown in Table 2 .
At the same time, to highlight the effectiveness of our algorithm, Figure 6 and Figure 7 show the comparative impulse responses between our proposed algorithm and CA-Omega-K algorithm. We can conclude that:
1) The impulse responses of targets #A, #C and #E are well focused using the proposed algorithm; 2) The range resolution is the same as the theoretical value;
3) The azimuth resolution, ISLR and PSLR are close to the theoretical value. However, the focusing results of targets using CA-Omega-K method does not achieve the desired results:
1) The reference target #C can get almost of the same focusing result with the proposed method; 2) Point-targets of #A and #E at the edges in the range and azimuth direction can not focus properly; 3) The values of the three evaluation indicators (resolution, ISLR and PSLR) are much away from the theoretical value.
Since the CA-Omega-K algorithm just only suffices for small accelerations and velocity, its imaging results is poor. However, our proposed method satisfies the demands of the high-precision case for highly squinted SAR with large 3D acceleration.
C. FOCUSING IMAGE WITH EXPERIMENTAL DATA
We get the focusing image with the experimental data using the proposed method except the simulation of above-mentioned point-targets to explain the universality. Some specific simulation parameters are listed in Table 3 . Figure 8 is focusing results of experimental data using 2D-NUFFT. Figure 8 (a) and Figure 8 (b) are the imaging results obtained by the proposed algorithm and imaging results after SRGR conversion, respectively. The 2D-NUFFT can obtain a well-focused squinted SAR image in the range-velocity domain. After SRGR correction, it still has perfect focusing effect.
To verify the focusing performance of the surface targets in the distributed scenarios, we select a strong target which marked by the red circle in the Figure 8(a) to evaluate the performance of scene imaging. With considering the loss of geometric correction, the ideal resolution of range is ρ r = c/2/B × 0.886 = 0.886m using the bandwidth in the Table 3 . Figure 9 shows the contour map, range profile and azimuth profile of the strong point. Also, the imaging performance of this strong point target is evaluated by spatial resolution, PSLR and ISIR, respectively as shown in the Table 4 . From the the Table 4 , we can derived that 1) the resolution of range and azimuth domain of the strong point target imaging are close to the theoretical value; 2) Due to the influence of other point targets in the distributed scenarios, the theoretical value of the peak sidelobe comparison of the range dimension and the azimuth dimension are slightly increases. Those further validates the effectiveness of imaging algorithms based on 2D-NUFFT.
VI. CONCLUSION
In the case of high-resolution, highly squinted SAR imaging with three-dimensional acceleration, linear RCM produces a two-dimensional (2-D) spatial variable RCMs, which makes large squint SAR imaging has become difficult. However, most existing algorithms fail to consider these issues. In order to obtain high quality SAR images, this paper proposes a high precision 3D acceleration high squint SAR imaging processing algorithm. In this paper, the method of Taylor expansion is used to get approximation of the three-dimensional acceleration large squint SAR range model. Next, the echo model is combined with the 2D-NUFFT algorithm which has already proposed in the field of mathematics to achieve image focusing. Compared with the traditional FFT, the main idea of the 2D-NUFFT algorithm is to use the nonlinear interpolation to complete the two-dimensional fast Fourier transform. This method not only solves the problem that the existing algorithm can not focus on the SAR image in the case of nonlinear flight trajectory, but also further reduces the calculation cost.
In order to make the SAR echo signal processed by the algorithm easier to achieve terrain matching, this paper introduces the SRGR algorithm in detail on the basis of the existing. Finally, this paper evaluates the imaging effects of multiple point targets and simulated scenes by evaluating three common indicators (i.e. PSLR, ISLR and resolution) among the six indicators of SAR images. The results of the evaluation verify the effectiveness of the proposed algorithm in three-dimensional accelerated squint SAR in high-precision imaging. Compared with the CA-Omega-K algorithm [14] algorithm, the proposed algorithm has better robustness.
One of the innovation of this paper is to apply the existing 2D-NUFFT algorithm in the field of mathematics to SAR image processing. The superiority of the 2D-NUFFT algorithm makes the process of high-precision three-dimensional acceleration large squint SAR imaging processing simpler and more efficient. The second is to introduce the principle and implementation of the SRGR in further detail. However, it has to be proposed that the algorithm in this paper is only a satisfactory result in the simulation, and the next step will continue to improve the algorithm to achieve its industrialization goal.
